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Abstract. Three body problem is one of the most complicated dynamical problems in classical
mechanics; the difficulty comes from the nonlinear equations and sensitive initial conditions. In this
paper, it reviews the disintegration process of Three body system in long-term evolution and discuss
the application of statistical mechanics in explaining this phenomenon. Based on the theoretical
model, numerical simulation, and observational results, it draws the following conclusions: The most
frequent final state of a three-body system is the disintegration of a binary star and an escape star.
This kind of mechanism comes from the energy and angular momentum’s homogenization, and it
has been proved by the BN/KL region in Orion. Besides, the statistical model based on the
microcanonical distribution and ergodicity assumption can predict the final state parameter’s
distribution, which is consistent with the simulation results and provides a new way to explore chaotic
systems. In the future, it will combine Gaia, gravitational wave observation, and high-precision
numerical simulation to further complete the theory and application in the dynamics of compact
objects.
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1. Introduction

Three body problem is the most famous dynamical problem in classical mechanics. It is proposed by
Newton and used to explain the movement patterns of the sun, the Earth, and the Moon. Compared
with two body problem, three body problem cannot get a general analytical solution. This limitation
originated from the nonlinear feature of its movement equation and the sensitivity to the initial
condition. The sensitivity means that though the initial states of the two systems are slightly different,
there may occur totally different outcomes may occur after a long period. At the same time, the
sensitivity is also a typical characteristic of the chaos theory. So, three body problem is not only the
essential research object in celestial mechanics, but also a classic case of chaos theory.

The complexity of the three-body problem is shown in the difficulty of theoretical analysis and its
wide range of applications. Modern astrophysical research shows that three-body interactions have
an important influence on star formation, cluster evolution, planetary system stability, and compact
object dynamics. For instance, in star-forming regions, protostars gather under the influence of
gravity to form multi-star systems. The interaction between three or multiple bodies determines the
final structure of the system and the ratio of binary stars. In globular clusters or young star clusters,
three-body interaction is the main mechanism of energy transfer, regulating the overall dynamic state
of the system through multiple interactions. In compact star clusters, three-body interactions can
cause black holes or neutron stars to pair up, forming binary compact object systems. These systems
are important sources of gravitational waves. Therefore, further research on the stability and
disintegration of three-body systems is not only of theoretical significance but also directly relevant
to many latest fields in astronomy.

One of the most typical features of the three-body problem is the absence of an analytic solution.
From Lagrange and Euler’s special solutions are Collinear solutions and equilateral triangle solutions,
which only exist in extremely ideal conditions and are really sensitive to slight disturbance, really
unstable in the real celestial system.
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With the further development of calculation technology, numerical simulation becomes an
indispensable method in the study of the body system, which can reflect the complicated dynamic
behavior, energy change, chaos diffusion, and the probability distribution of the system. Although
straight integration has high accuracy, it is computationally expensive, especially when they are
exploring the long-term evolution or large-scale statistical analysis; the efficiency problem becomes
very prominent. This makes us explore the new method combining statistics and dynamics, which
aims at the overall trend of the three-body system.

As for many dynamical problems, the dynamical instabilities of the three-body system have aroused
people’s wide attention. Most of the non-hierarchical three-body systems will disintegrate in a finite
time and become a tightly bound binary star pair and a high-speed escaper. This structure is called
“relatively stable orbit”, because the disintegrated binary star pair is relatively stable in the long-term
evolution, while the escaper object will escape the gravitational restriction of the system after its
energy is up to a certain extent. In order to understand its dynamical mechanism, it can not just
understand the energy regulation in star clusters, but also explain the origin of high-speed free stars
and further predict the formation rate of black hole binaries and gravitational wave events.

To further understand this process more systematically, it introduced the concept of statistical
mechanics, which regards the three-body system as an isolated system with fixed energy and angular
momentum and further uses microcanonical distributions to study the probabilistic characteristics of
the final state. Jiang and Tremaine made a great breakthrough in this field. They proposed a statistical
model that can directly predict the distribution of the final state parameter of a three-body system,
such as the eccentricity of the binary and velocity distribution of the escaper, without following every
orbit. This model not only improves the computational efficiency but also reflects the macroscopic
regularity and provides new ideas for the chaotic dynamics.

2. Main Section

The three-body problem deals with how three masses move when they are bound only by mutual
gravitation. At its core, the motion follows directly from Newton’s law of universal gravitation
combined with the second law of motion. In such a system, the equations can be written to describe
how each body accelerates under the pull of the other two:
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In this formulation, mi and mj mean the masses of the bodies, G is the gravitational constant, r is the
position vector, and t stands for time. The expression shows that the acceleration of any given body
comes from the gravitational pull of the other two. Because these forces act simultaneously and
depend on the relative positions, the motion equations are inherently nonlinear. It is precisely this
nonlinearity that makes the three-body problem difficult to solve and gives rise to chaotic behavior.

To better understand the system’s dynamics, one can also look at its total energy. The energy of a
three-body system consists of the kinetic energy of all three bodies and their mutual gravitational
potential energy. Mathematically, it can be written as:
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Where r1jj is the distance between the i-th and j-th celestial bodies. The total energy E remains
conserved during the evolution process. Meanwhile, the total angular momentum is also conserved,
expressed as:
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Although energy and angular momentum are conserved in the three-body system, these constraints
only set broad limits on the possible trajectories. They do not eliminate the irregularity of orbital
motion. Even when both quantities are fixed, the system can still display unpredictable switches
between configurations and an extreme sensitivity to small changes in the initial state. This sensitivity
is the hallmark of chaos.

To capture such chaotic behavior in a quantitative way, one widely used tool is the Lyapunov
exponent. It measures how rapidly two initially nearby trajectories in phase space diverge over time,
and is defined as:
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In this definition, \delta(t) denotes the instantaneous separation between two nearby trajectories in
phase space. A positive Lyapunov exponent (\lambda > 0) implies that such deviations grow
exponentially with time, which is the mathematical expression of sensitivity to initial conditions.
Numerical studies confirm that three-body systems almost always yield positive values of \lambda,
and the associated timescale of divergence is typically far shorter than the overall dynamical lifetime
of the system.

Depending on how the masses are distributed, the problem is usually divided into two classical forms:
the general (or complete) three-body problem and the restricted three-body problem. In the general
case, all three masses are comparable and must be considered simultaneously; this setting is
fundamental for modeling stellar interactions and the dynamical evolution of clusters. By contrast,
the restricted problem assumes that one mass is negligible compared to the others, so that it does not
influence the gravitational field. This simplification has made the restricted problem particularly
useful in spaceflight dynamics. One of its most remarkable features, discovered by Lagrange, is the
existence of five equilibrium points (L1-L5) in a rotating reference frame. Among them, two are
dynamically stable and continue to play a central role in celestial mechanics and mission design.

In addition to the Lagrangian solution, the collinear solution proposed by Euler is also an important
analytical solution to the three-body problem. These analytical solutions have limited practical
application because they quickly become unstable in the presence of disturbances and cannot be used
to predict the likelihood of real-world situations in the universe. Another special type of solution to
the three-body problem is the periodic solution. Poincaré's work revealed the complex structure of
periodic orbits and chaotic regions in phase space, laying the foundation for modern chaos theory.

Because analytical solutions are only applicable to a very few special cases, modern research relies
primarily on numerical simulations. Numerical methods include direct integration, symplectic
integration, and chain algorithms. The direct integration method is computationally simple, but
suffers from severe energy drift when dealing with long-term evolution and is not accurate enough.
The symplectic integration method maintains the symplectic structure of the Hamiltonian system and
can significantly reduce long-term errors. It is relatively effective in solving long-term problems, but
it 1s relatively complex. The chain algorithm is particularly efficient when dealing with high mass
ratios and close encounters. Of course, with the improvement of computer performance, modern
simulations have achieved energy errors of less than 107'°, and can simultaneously track millions of
orbital periods of a three-body system.

Numerical simulations reveal statistical patterns in the evolution of three-body systems. Hut showed
that most non-hierarchical three-body systems disintegrate within 103 to 105 orbital periods,
ultimately forming an escape star and a binary pair [1]. Conservation of energy and angular
momentum requires that the escape star acquire positive energy, its kinetic energy derived from the
release of orbital energy from the binary. This process occurs through a series of close-range
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interactions, known as chaotic exchanges. Each interaction modifies the orbital parameters, causing
the system to gradually evolve toward a lower energy state until a relatively stable configuration is
achieved.

The development of the three-body problem, from theoretical analysis to numerical simulations, has
revealed a profound connection between classical mechanics and chaos theory. However, while direct
simulations are precise, they are difficult to generalize to large-scale statistical studies. This limitation
has prompted researchers to introduce statistical mechanics methods to characterize the final state of
a system after long-term operation from the perspective of overall distribution. This idea will be
discussed in detail later.

3. The Formation Mechanism of Relatively Stable Orbits

Three-body systems exhibit intense chaos during their long-term evolution, but their ultimate
outcome is not completely unpredictable. Numerical simulations have shown that the vast majority
of non-hierarchical three-body systems disintegrate within a finite timeframe, evolving into a high-
speed escape object and a tightly bound binary pair. This final state is known as a relatively stable
orbit because the binary system remains stable during its subsequent long-term evolution, while the
escape object is completely free of its original gravitational binding. The physical mechanisms of this
process are of great significance to the study of stellar dynamics, the evolution of star cluster structure,
and the interactions of compact objects.

The core of the disintegration of a three-body system lies in the redistribution of energy and angular
momentum. Since the system is isolated, its total energy is conserved during the evolution process.
Assuming that the final state formed after the disintegration includes a pair of binary stars and a
runaway star, the total energy of the system can be written as:

Etor = Ebinary + Eescaper (5)

The binary energy is determined by the orbital semi-major axis a
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As the binary orbit shrinks, the absolute value of its binding energy increases, and the energy released
is used to accelerate the third object. The speed of the escape star can be estimated using the energy
conservation relationship:
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Chaotic exchange is the primary mechanism of disintegration. The three bodies undergo multiple
close interactions, each altering the energy distribution until one body acquires positive energy and
escapes. Numerical simulations show that when the mass difference is significant, the lightest body
is almost always ejected. Highly eccentric initial orbits and external perturbations accelerate
disintegration.

Observations of the BN/KL region in Orion provide direct observational evidence for a triple breakup.
This region is located in the Orion Molecular Cloud, approximately 400 light-years from Earth. Using
very long baseline interferometry (VLBI) observations, researchers tracked the precise positions and
velocities of the BN object, Source I, and Source n. The results indicate that approximately 500 years
ago, a violent interaction occurred in the system, ejecting the BN object at a velocity approaching 30
km/s, and forming a tight binary with Sources I and n. Bally et al. noted that the dynamical history of
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this event can be reconstructed using energy conservation and angular momentum conservation
models, and its characteristics are highly consistent with numerical simulation predictions.

The BN/KL event not only validates the disintegration mechanism but also reveals the origin of high-
speed ionizing stars. These stars are widespread in the Milky Way, and their high-speed motion is
usually difficult to explain. However, triple-body disruption provides a natural explanation.
Furthermore, this mechanism also applies to black hole systems. Triple-body interactions within
dense star clusters can promote the formation of binary black holes, which can then merge through
gravitational wave radiation, becoming an important signal source for gravitational wave detection

[2].

Numerical simulations have shown that before a three-body system disintegrates, the member stars
often undergo multiple chaotic exchanges. Calculations show a significant positive correlation
between the number of exchanges and the system's lifetime [1]. Each exchange not only redistributes
the system's energy and angular momentum but also alters the binary's orbital semi-major axis and
eccentricity distribution. Statistical results by Valtonen and Karttunen further indicate that, under
initial conditions of equal mass and non-stratified nature, over 80% of systems ultimately form stable
binaries, while the remaining approximately 20% evolve into stratified multi-body structures or
completely disintegrate into multiple individual stars [3]. The resulting binaries typically have high
orbital eccentricities (dominated by eccentricities above 0.6), and their semi-major axes are
significantly reduced compared to their initial values. This trend is consistent with the energy
minimization principle: the system compensates for the kinetic energy gained by the escaping star by
releasing binding energy.

4. Three-Body Systems from a Statistical Mechanics Perspective

4.1. Theoretical Foundations and Model Validation

The chaotic nature of the three-body problem makes it nearly impossible to predict the long-term
evolution of a single system, but the overall statistical laws can be described using probabilistic
models. Statistical mechanics methods provide an efficient and theoretically consistent framework
for transforming complex dynamical problems into macroscopic distributional problems. Instead of
tracking specific trajectories, this approach predicts the statistical distribution of final-state
parameters based on conservation laws, providing a tool for understanding the evolutionary trends of
large numbers of systems.

The core foundation of statistical mechanics analysis is the ergodicity assumption. This assumption
states that, over sufficiently long periods, a system will uniformly traverse all allowed states under
energy and angular momentum constraints, with the time average equal to the ensemble average. In
the three-body problem, this means that if the system undergoes a large number of chaotic exchanges
before disintegrating, its final state can be viewed as randomly sampled from a microcanonical
distribution. Within this framework, the three-body system is viewed as an isolated system with fixed
energy and total angular momentum. Its Hamiltonian can be written as:
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The phase space volume of the system's allowed states is:
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Based on the above ideas, there is also a statistical mechanics model that derives the probability
distribution of the final state parameters through the conditions of conservation of energy and angular
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momentum. The model results show that the eccentricity of the binary star follows a linear
distribution:

Ple)=2e0<e<1 (10)

This means that high eccentricity binaries dominate the final state. The energy distribution of the
escaped stars shows a power law form:

P(Eesc) Eesc_aa ~ 1.5 (11)

This indicates that most escape stars have moderate velocities, but a small number of extremely high-
velocity events occur. This distribution trend agrees not only with numerical simulations but also with
observations of high-velocity stars.

The derivation of the model involves phase space integration and variable substitution. The
researchers expressed the system's degrees of freedom in terms of the binary orbital parameters (semi-
major axis a and eccentricity e) and the escape star velocity, and imposed energy and angular
momentum conservation conditions to calculate the density of the microcanonical distribution under
these parameters. To simplify the integration, they averaged the angular variables and, assuming a
fully chaotic system, derived an analytical form for the probability distribution. This method avoids
direct numerical integration for each orbit, making it possible to predict the final state of the three-
body system at a macroscopic statistical level.

The model was validated by extensive simulations, and the results showed that the theoretical
distribution curves were highly consistent with the statistical histograms obtained by direct
integration. For example, the eccentricity distribution shows a linear upward trend across the entire
range, and the escape velocity distribution exhibits a power-law tail. Furthermore, the escape star
velocities in the BN/KL region of Orion also agree with the model predictions, further demonstrating
the reliability of the statistical mechanics approach. In their study of the Milky Way's multi-body
gravitational system, Valtonen and Karttunen also used statistical mechanics methods to predict the
distribution of final-state velocities and eccentricities [3]. They compared these predictions with high-
precision observations of the BN/KL region in Orion and found strong agreement in both trends and
values. This consistency demonstrates that even if the orbits of individual systems are unpredictable,
the overall distribution of their final states can still be accurately described using statistical methods.
This phenomenon has been verified in numerous numerical experiments [4]. This provides further
evidence for using statistical methods to predict the macroscopic characteristics of chaotic systems.

4.2. Analysis of Advantages and Limitations

The advantages of statistical mechanics methods are primarily reflected in three aspects. First, they
significantly reduce computational complexity, avoiding the high cost of integrating the dynamical
equations one by one. Second, they are universally applicable, making them suitable for statistical
studies of large samples, particularly in cluster dynamics and the interactions of compact objects.
Finally, the framework is highly scalable and can be extended to systems with four or more bodies.
However, the method also has certain limitations. The most significant is its reliance on the ergodic
assumption. If the system disintegrates too rapidly, the phase space may not be fully sampled, and
the predicted results may deviate from the true distribution. Furthermore, the model ignores external
effects such as cluster tidal forces and gas friction, which can have a significant impact on the system's
evolution in real astronomical environments. Similar tidal perturbations have also been found to affect
the dynamical evolution of stars in galactic nuclei [5]. Finally, statistical methods cannot predict the
orbital evolution of individual systems; they can only describe overall trends. Therefore, numerical
simulations are still needed to supplement specific orbital analyses.
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Nevertheless, statistical mechanics methods hold great promise for future applications. Gravitational
wave astronomy is a typical potential application area. Three-body interactions in compact star
clusters can form binary black hole systems, and the eccentricity distribution of these systems directly
influences the morphology of gravitational wave signals. Statistical models can predict the rate and
parameter distribution of binary black hole mergers at a macroscopic level, providing theoretical
support for the interpretation of gravitational wave events. Furthermore, the large-scale, high-
precision stellar motion data provided by the Gaia satellite make it possible to validate statistical
models. Trajectory analysis of high-velocity stars reveals that their velocity distribution is consistent
with a three-body breakup mechanism, providing further observational support for the model. With
the improvement of numerical simulation accuracy and the accumulation of observational data, the
integration of statistical models with simulation results will become a key trend in the study of the
three-body problem.

5. Conclusion

This study focuses on the analysis of orbital stability in the three-body problem. By combining
statistical mechanics methods with numerical simulations, it systematically explore the dynamical
evolution of non-hierarchical three-body systems. Our results show that three-body systems typically
undergo multiple chaotic exchange processes before breakup, with energy and angular momentum
continuously redistributed among the stars. Ultimately, most systems evolve into binary structures
with high eccentricities and small orbital semi-major axes. This trend is consistent with the principle
of energy minimization, whereby the system compensates for the kinetic energy of the escaping object
by releasing binding energy. Meanwhile, a small number of systems will form a layered multi-body
structure or completely disintegrate into multiple individual stars.

Statistical analysis of a large amount of simulation data reveals that the eccentricity distribution
exhibits a nearly linear upward trend, and the escape velocity distribution exhibits a power-law tail,
highly consistent with predictions from existing theoretical models. For the BN/KL region in Orion,
the observed escape velocity is close to that predicted by statistical mechanics models, further
validating the reliability of this method in describing the final state distribution of multi-body systems.
This demonstrates that even if the orbital evolution path of a single system is unpredictable, its overall
statistical properties can still be accurately characterized using probabilistic and statistical methods.

Looking forward, statistical mechanics methods hold broad application prospects in the study of
multi-body systems. With increasing computing power, high-precision simulations can be performed
on larger samples and longer timescales, enabling deeper exploration of the effects of varying initial
conditions, mass ratios, and external perturbations on system stability. On the other hand, combining
statistical mechanics methods with emerging technologies such as machine learning is expected to
achieve breakthroughs in processing high-dimensional phase space data and predicting complex
evolutionary trends. Furthermore, extending this approach to more general fields such as multi-body
systems, star cluster dynamics, and planet formation will also help reveal universal laws governing
the evolution of celestial systems.

References

[1] Hut P, Bahcall J N. Binary—single star scattering. I — Numerical experiments for equal masses. The Astrophysical
Journal, 1983, 268: 319-341.

[2] Rodriguez C L, et al. Binary black hole mergers from globular clusters. The Astrophysical Journal, 2016, 824: LS.

[3] Valtonen M, Karttunen H. The three-body problem. Cambridge University Press, 2006.

[4] Boekholt T C N, Portegies Zwart S, Valtonen M J. The emergence of statistical regularities in chaotic three-body
systems. Monthly Notices of the Royal Astronomical Society, 2020.

[5] Rantala A, Johansson P H, Naab T, Thomas J. Supermassive black hole binaries in galaxy mergers. Monthly Notices
of the Royal Astronomical Society, 2020.

31



